0. Introduction. It is the authors' purpose in this paper to initiate the study of ring extensions for completely N primary noncommutative rings which satisfy the ascending chain condition for right ideals (A.C.C.). We begin here by showing that every completely N primary ring R with A.C.C. is properly contained in just such a ring. This is accomplished by first showing that R[x~\, x an indeterminate where ax = xa for all aeR,isN primary and then constructing the right quotient ring QCR [x]). The details of these results appear in § §1,7 and 8. The corresponding results for the commutative case are given by E. Snapper in [7] and [8].
1. Properties of R [x] . In [2] we defined a ring R to be N primary if ab = 0, a^O implies beN and b=£0 implies aeN. A ring R with identity is completely N primary if R/N is a division ring. Note that if R is N primary or completely N primary then Af is a completely prime ideal and N=P. For the rings considered in this paper N and P shall always be equal. Certainly JV [x] =P [x] çP (P[x] ). We now show that P (P[x] )sP [x] . If /e P (P[x] ) then /"=0 for some positive integer n. Hence in K[x]/P[x] =(K/P) [x] we have (/)" = 0(3). Since(P/P) [x] has no divisors of zero it follows that/e P[x].
Next we show that 7V (P[x] )=JV [x] . Clearly JV (P[x] . Thus we can consider (R[x] )~ as R [x] . In this case, the natural homomorphism H from P[x] onto P[x] maps the polynomial £a¡x' on E^x'. Theorem 1.2. Let R be an N primary ring. Then /= a"xn + ... + a0 is a unit of R [x] if and only if a0 is a unit of R and a1;..., a"e N.
Proof. If/ is of this form then /is a unit of P. [x] . Hence by 2a of [2] / is a unit of P [x] .
Conversely, if/= a"x" + ... + a0 is a unit of P[x] then /= ä"x" + ... + ä0 is a unit of R [x] . But since R is an integral domain it follows that/= ä0 is a unit of R and ât = ... = û" = Ö. Thus a0 is a unit of R and a1,...,a"eN(R). Proof. This proof will be by induction on the smallest integer n such that JV" = 0. If n = 1 obviously R[x] is JV (P[x] ) primary. By Theorem 1.1 JV (P[x] . Let a¡ be the coefficient of the highest power of x in / which is not in N. Since N"+1 =0 and fg = 0, we have aibs = 0 where g = i»sxs +... + b0, bs # 0. Since R is completely A primary a, e N. Thus in any case the assumption that/g = 0, g ?¿ 0,/^ JV [x] leads to a contradiction. Hence if g # 0 we can only conclude that /eJV [x] . Similarly if gf = 0 and/ # 0 then g e JV [x] . Therefore, R[x] is JV[x] primary and the proof by induction is complete.
Extensions of rings.
A ring A is an extension of a ring R if R £ .4. In the remainder of this paper, unless otherwise stated, we assume that if A is an extension of R then R and A have the same identity element. If R £ A then A can be considered as an R module(4) with submodule R. Thus, in order to develop a theory for extensions of a ring, it is convenient to discuss some notions concerning modules.
Let R be a ring with identity and M a unital R module. If Rx and Mx are nonempty subsets of R and M respectively, then RXMX denotes the set of all finite sums £r-j)»j where r¡eR¡ and mieMx. A subset 5 of M is called a generating system of a submodule Q of M if Q=RS. If S contains a finite number of elements then Q is said to be finitely generated. A finite generating system S of Q is called a basis of Q if Q does not have a generating system containing fewer elements than S. If Q is finitely generated then the rank p(Q) of Q is the number of elements in a basis of Q.
The following theorem was proved in [7, p. 685] for commutative rings. The proof carries over immediately to the noncommutative case. If a ring A has finite rank as a module over a subring R we call the rank the degree [A : R~\ of the ring extension and say that A is a finite extension of R.
(4) R module shall always mean left R module. For a discussion of left R modules read Chapter I of [6] . If R and A are rings where R £ A, the contraction q+ of an ideal q of A is defined as the largest ideal of R which is contained in q, i.e., q+ = q C\R. The extension q* of an ideal q of R in A is defined as the smallest ideal of A which contains q, i.e., q = AqA, the set of all sums Ea¡0¡&¡ where q¡eq and a¡, b¡eA. The following two results are proved in [7] for commutative rings. Using the definitions and results listed above the proofs now carry over, without essential modification, to the noncommutative case. Statement 3.
1. An ideal p of R[x~\ has finite degree if and only if p contains a monic polynomial^). Conversely, let (/) = (0) where g is monic of degree m. Then 0(f) = 0(g) (by the definition of 0( )), while 0(g) = m by Lemma 3.1 (because g is monic). Thus 0(f) = m, which means again by Lemma 3 .1 that/is of the required form.
4. Primary ideals in R, where R/N is a principal ideal domain. If R is a principal ideal domain then the A.C.C. holds for right ideals and hence P(q) is an ideal when q is a right P primary ideal of R. Moreover, in this case P = JV = 0 and the completely prime ideals of R/N are maximal right ideals. Hence, by Definition 0.1, a principal ideal domain is an extendable ring.
If 0 is a P primary ideal then P(q) = N(q) since Piq) is a completely prime ideal. Thus Piq) is also a maximal left ideal. Proof. Let JV' = q n JV. Since P is a principal ideal domain <? = (a) = äP = Pä for some âeR. Let a be any element of 0 such that aH=ä. Obviously aR + N'^q. Moreover, if b eq then bH = äf where feR. Thus b = ar + n where reR and neJV. Since n = A -ar, n is also in q and therefore neN'. Hence q = aR + JV'.
Similarly q = Ra + N'. where v is a unit of R, n e N, n is an irreducible element of R and N' = N nq. Moreover, P(q) = nR + N and R/P(q) is a division ring.
Proof. By Lemma 4.1, q = aR + JV' = Ra + N' where aeq. From 3b of [2] the not nil ideal aR + N' is P primary in R if and only if the ideal (a) is P primary in R. From Theorem 4.1 we may write á = vñk= nkü where n is irreducible in R and ü, v are units of R. Hence a = nku + nx = vnk+ n2 where u and v are units of R and nj,n2 eJV.
To find P(q), write q = (vñk) = (ik) = nkR. Clearly ñR S P(q). Moreover, since i is irreducible, the ideal Ä.R is maximal in R and hence P(q) = Í.R. From 2g of [2] we have (P(q))~ =(nR)~ and hence P(q) = nR + N. The fact that R/P(q) is a division ring is a consequence of statement 3.1 of [2]. Proof. By Theorem 3.2, q has finite degree if and only if q has finite degree, i.e., if and only if g $ A [x] . Thus a necessary and sufficient condition that q have finite degree is that q be regular. Again, by Theorem 3.2, the degree of q is the same as the degree of q = (/). Since R is a division ring D(f) = 0(f).
(') See [5, Chapter 3] . 6. Simple algebraic extensions. In this section let P £ A where P and v4 are completely JV primary rings which satisfy the A.C.C. If oeA, where aa = aa for all aeR, the symbol R\p] shall denote the smallest subring of A containing P and <t. The symbol R(o) shall denote the smallest completely JV primary ring containing P and a. In the latter case, R(o) is called a simple extension of P. Certainly P.
[cr] £ P(c) and, if x is an indeterminate, R\o] is the homomorphic image of the polynomial ring P[x] under the homomorphism /(x) ->/(<r). Since P[tr] is a subring of a completely JV primary ring we know that R[o] is P primary. The kernel of the homomorphism must then be a P primary ideal q of P [x] and R\x]/q s P [a] . In addition q* = q (~\R is the zero ideal since q is the set of polynomials which have a as a root. As in §5, q is either a regular ideal or a nil ideal. We call R(o) a simple algebraic extension of P if a is algebraic with respect to R and a simple transcendental extension of P if ff is transcendental with respect to P.
Let S = R(o) be a simple algebraic extension of R and let 0 be the defining ideal of a. Then 0 is a not nil, nontrivial P primary ideal of R [x] . By § §4 and 5 we may write q = (v(x)p(x)k + n(x))R\_x] + JV' where the symbols have the same meanings as before. Then R[x]/q is a completely JV primary ring whose residue class ring is isomorphic to ^ For an indeterminate y, the ring P[y] is N primary. Then y2 -2 is a minimal degree polynominal satisfied by ^2-One can use the division algorithm to show that the defining ideal of ^/2 is q = (y2 -2)i? [y] . Then q is JV primary and R[y]/q = P-i where Rx is an extension of R of degree 2. Similarly, we could adjoin to Pu the element ^3. Thus P2 = Ri(^3) = ö2[x]/(x") where D2 is the ring of quaternions with coefficients in the set of all real numbers of the form a + bJ2 + cJi + dJ(, where a, b, c and d are rational numbers. Then P2 is an extension of Px of degree 2 and an extension of P of degree 4.
7. Quotient rings. If a ring P has a right quotient ring as described in [5, p. 118] we shall denote this ring by Q(R). Then Q(R) is a ring containing P such that every regular element of P has an inverse in ß(P) and any element of Q(R) may be written in the form ab~x = a/b where a, beR and A is regular. A necessary and sufficient condition for the existence of ß(P) is that for any pair of elements a, A in P, A regular, there exists a common right multiple m = abl = bat such that Ax is regular. We shall use this criterion to establish the following theorem, which generalizes a result of A. W. Goldie [4, p. 592 ].
Theorem 7.1. Let R be a ring with identity which satisfies the A.C.C. for right ideals and suppose the elements not in N(R/Nk) are regular in R/Nk for all positive integers fe. TAen QiR) exists.
Proof. Since the elements not in JV are regular in P, R/N is an integral domain. Hence, if JV = 0, then by Theorem 1 of [4] , QiR) exists. We proceed by induction on the smallest integer n such that JV" = 0. Assume that the theorem is true when Nk = 0 and JV*"1 ^ 0. In P suppose Nk+' = 0 and Nk ± 0. Then the ring Proof. From Theorem 1.3, for any integer n, the divisors of zero of R/JV" [x] are contained in JV/JV" [x] . Hence P[x] satisfies the hypothesis of Theorem 7.1. Lemma 7. 1. If a ring R has a right quotient ring QiR) and if R satisfies the A.C.C. for right ideals then QiR) satisfies the A.C.C. for right ideals.
Proof. Let fe and A denote right ideals of Q(R) where fee A. As in the proof of Lemma 1.3 of [3] it follows that Ic^c/i^ in P. The lemma is now immediate.
